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Abstract. Let C C be a bounded domain, or a Lipschitz domain "flat 
enough" , and consider the Beurhng transform of xn '■ 

~l f 1 
Bxn{z) = hm — / dm{w). 

Using a priori estimates, in this paper we solve the following free boundary prob- 
lem: if Bxn belongs to the Sobolev space W"'P{V,) forO<a<l,l<p<oo 
such that ap > 1, then the outward unit normal N on dil. is in the Besov space 
Bp-^'P{dn). The converse statement, proved previously by Cruz and Tolsa, also 
holds. So we have 

Together with recent results by Cruz, Mateu and Orobitg, from the preceding 
equivalence one infers that the Beurling transform is bounded in W°''P{fl) if and 
only if the outward unit normal N belongs to Bp^'^^^ldfl), assuming that ap > 2. 



1. Introduction 

In this paper we show that the boundedness of the Beurhng transform in the 
Sobolev spaces VU"'^(fi), with < a < 1 and 1 < p < oo such that ap > 1, 
characterizes the Besov smoothness of the boundary dfl, whenever f2 is a domain, 
or a Lipschitz domain "flat enough". This can be considered as a free boundary 
problem. 

The Beurling transform of a function / : C — t- C, with / G for some 1 < p < oo, 
is defined by 

S/(^) = lim — / ^M^dmiw). 

It is known that this limit exist a.e. The Beurling transform plays an essential role 
in the theory of quasiconformal mappings in the plane, because it intertwines the d 
and d derivatives. Indeed, in the sense of distributions, one has 

B{df) = df. 

Let C C be a bounded domain (open and connected). We say that C C 
is a {6, i?)-Lipschitz domain if for each z G dfl there exists a Lipschitz function 
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A : M — > M with slope ||A'||oo ^ ^ such that, after a suitable rotation, 

nnB{z,R) = {{x,y) e B{z,R) : y > A{x)}. 

If we do not care about the constants 6 and R, then we just say that is a Lipschitz 
domain. If in this definition we assume the function A to be of class C^, then we 
say that Q is a domain. 

In |CT] it has been shown that for any Lipschitz domain Q and < a < 1 and 
1 < p < oc such that > 1, if the outward unit normal is in the Besov space 
Bp^^^'^{dQ), then B{xq) belongs to the Sobolev space W"'^{^1). More precisely, the 
following estimate has been proved: 

(1-1) \\B{xn)\\w",P(n) < c\\N\\^^-i/„^q^^, 

where N stands for the outward normal unitary vector on dQ, is a homo- 

geneous sobolev space on and Bp-^^^idn) is a homogeneous Besov space on dQ. 
See the next section for the precise definition of Sobolev and Besov spaces, as well 
as their homogeneous versions. The constant c in f 1 1.11) may depend on p and on the 
Lipschitz character of Q, i.e. on 6 and on 'h}{dVL)/R (here "H^ stands for the length 
or 1-dimensional Hausdorff measure). Observe that, by the boundedness of the 
Beurling transform, 

\\B{xn)\\w'^,v(si) <c{m{nf/P +\\B{xn)\\w'^.v(^n))- 

Thus ([HI]) guaranties that B{xn) G W^p{VL) whenever N e Bp~^^^{dQ). 
Our main result is a (partial) converse to (11.11) : 

Theorem 1.1. Let Q G C be a {6, R)- Lipschitz domain and < a < 1 and 1 < p < 
oo such that ap> 1. If S = 6{p) > is small enough, then 

(1.2) miB^-y^ian) < c\\B{xn)\\w'^.r.^n) + cn\dn)-'^^'/^., 

where c depends on 6 and p. 

Some remarks are in order. Notice first that domains are {6, i?)-Lipschitz 
domains for every 6 > and an appropriate R = R{5). So the theorem applies to 
all domains. Then, by combining the results from [CTj with Theorem II. H one 
infers that, for a domain Q and a,p as above, 

(1.3) B{xn)eW'''P{Q) ^ iV G fip"//P(9^]). 
Let us remark that the inequality 

fails in general. Indeed, when Q is an open ball it turns out that B{xn) vanishes 
identically on Q. So ||-B(xn)llvK«,p(n) ~ 0' while ll^ll^^-i/p^^j^^ 7^ 0, because N is not 
constant. 

Recall that the Besov spaces Bp^p^^^ appear naturally in the context of Sobolev 
spaces. Indeed, a well known theorem of Gagliardo |Ga] asserts that the traces of 
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the functions from W^'^{fl) on dfl coincide with the functions from Bp^p (dfl), 
whenever f2 is a Lipschitz domain. An analogous result holds for < a < 1. So, 
by this result theorem with (11 .Sp . one deduces that -B(xn) G W'^''''{fl) if and only 
if N is the trace of some (vectorial) function from l^°'^(f2), which looks a rather 
surprising statement at first sight. 

Our motivation for the characterization of those domains such that Bxn G iy"'^(f2) 
arises from the results of Cruz, Mateu and Orobitg in ^CMOj . In this paper the 
authors study the smoothness of quasiconformal mappings when the Beltrami co- 
efficient belongs to W^'^IQ), for some fixed 1 < p < oo and < a < 1. As an 
important step in their arguments, they prove following kind of Tl theorem: 

Theorem ( |CMO] ). Let C C be a C^^^ domain, for some £ > 0, and letQ < a <1 
and 1 < p < oo be such that ap > 2. Then, the Beurling transform is bounded in 
W^^PiQ) if and only if B{xn) e W'P{VL). 

As a corollary of the preceding result and Theorem 11.11 we obtain the following. 

Corollary 1.2. Let Q G C be a Lipschitz domain and let < a < 1 and 1 < p < oo 

be such that ap > 2. Then, the Beurling transform is bounded in W^'^lfl) if and 
only if the outward unit normal of Vt is in the Besov space Bp^^^^{dVt). 

Observe that the fact that G Bp~p^^^ [dVL] implies that the local parameteriza- 
tions of the boundary can be taken from Sp+""^/^(M) C C^+'{M) because ap > 2, and 
thus the theorem from Cruz-Mateu-Orobitg applies. For more details, see Lemma 
13.11 below. 

On the other hand, it is worth mentioning that the boundedness of the Beurling 
transform in the Lipschitz spaces Lipe{Q) for domains fl of class C^"*"^ has been 
studied in [MOV] . |LV] . and [Dej . because of the applications to quasiconformal 
mappings and PDE's. 

We will prove Theorem 11.11 by reducing it to the case of the so called special 
Lipschitz domain, where Q is the open set lying above a Lipschitz graph. That is, 
given a Lipschitz function A : R — )■ M, one sets 

(1.4) Q = {{x,y)eC: y>A{x)}. 

In this situation, we will show the following: 

Theorem 1.3. Let A : ^ M. be a Lipschitz function with compact support and 
consider the special Lipschitz domain Q defined in (T^. For < a < 1 and 
1 < p < oo be such that ap > 1, there exists 6 = S{a,p) > small enough such if 
||y4'||oo < S, then 

(1-5) ll^llsi+^-i/f < c\\B{xn)\\w'-.P(n)^ 

with c depending on a, p. 

Above, and W°'''p{Q) stand for homogeneous Besov and Sobolev spaces, 

on M and on fl, respectively. 
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Let us remark that the converse inequahty 
(1-6) \\B{xQ)\\w'-,P(n) < c{6) 

also holds for special Lipschitz domains, without the smallness assumption on 5. 
This has been shown in |CT] . Notice, in particular, that fll.6p shows that Bxn is 
constant in Q if this is a half plane. Of course, this can be proved without appealing 
to ( II. 6p . in a much more elementary way. This property plays a key role in the 
arguments in |CT] and also in the ones of the present paper. 
It is easy to check that 

(1.7) II^IIb^+'^-v. ^ ms^-'f^iany 

where, as above, N{z) stands for the outward unitary normal at z. So (11. 5p is 
analogous to (II. 2p . For the detailed arguments, see Lemma IXTl below. 

We will prove Theorem 11.31 by means of a Fourier type estimate. To this end, we 
will need to approximate the Lipschitz graph by lines at many different scales. We 
will estimate the errors in the approximation in terms of the so called f3i coefficients. 
Given an interval J C M and a function / G Lj^^, one sets 

where the infimum is taken over all the affine functions p : R — ^ R. The coefficients 
/3i's (and other variants (3p, (3oo,- ■ ■ ) appeared first in the works of Jones [Jo] and 
David and Semmes |DS1] on quantitative rectifiability. They have become a useful 
tool in problems which involve geometric measure theory and multi-scale analysis. 
See |DS2] . |Le] . |MT] . |Tol] . or |To2] . for example, besides the aforementioned refer- 
ences. In the present paper we will use the /3i's to measure the Besov smoothness of 
the boundary of Lipschitz domains, by means of a characterization of Besov spaces 
in terms of /3i's due to Dorronsoro [Do] . 

The plan of the paper is the following. In Section [21 some preliminary notation and 
background is introduced. In particular, several characterizations of Besov spaces 
are described. In Section [3] we prove some auxiliary lemmas which will be used later. 
Theorem 11.31 is proved in Section HI and then this is used in Section |5] to deduce 
Theorem 11.11 In the final Section [6] we show that Theorems 11.11 and 11.31 also hold 
replacing the 14^"'^ seminorm of Bxq by the Bpp[Q) one, for < a < 1. 

2. Preliminaries 

2.1. Basic notation. As usual, in the paper the letter 'c' stands for an absolute 
constant which may change its value at different occurrences. On the other hand, 
constants with subscripts, such as Cq, retain their values at different occurrences. 
The notation A < B means that there is a fixed positive constant c such that 
A <cB. So A fa B is equivalent to A < B < A. 

The notation I{x,r) stands for an interval in M with center x and radius r. 
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2.2. Dyadic and Whitney cubes. By a cube in we mean a cube with edges 
parallel to the axes. Most of the cubes in our paper will be dyadic cubes, which are 
assumed to be half open-closed. The collection of all dyadic cubes is denoted by 
©(R"). They are called intervals for n = 1 and squares for n = 2. The side length 
of a cube Q is written as i{Q), and its center as zq. The lattice of dyadic cubes of 
side length is denoted by VjiW"). Also, given a > and any cube Q, we denote 
hy aQ the cube concentric with Q with side length ai{Q). 

Recall that any open subset Q C R" can be decomposed in the so called Whitney 
cubes, as follows: 

oo 
k=l 

where Qk arc disjoint dyadic cubes (the "Whitney cubes") such that for some con- 
stants r > 20 and Dq > 1 the following holds, 

(i) 5Qk c n. 

(ii) rQk nQ''^0. 

(iii) For each cube Qk, there are at most Dq squares Qj such that 5Qkr\5Qj ^ 0. 
Moreover, for such squares Qk, Qj, we have \(-{Qk) < ^{Qj) < '^^{Qk)- 

We will denote by W(fi) the family {Qk}k of Whitney cubes of Vt. 

If f2 C C is a Lipschitz domain, then dVt is a chord arc curve. Recall that a chord 
arc curve is just the bilipschitz image of a circumference. Then one can define a 
family V{dVL) of "dyadic" arcs which play the same role as the dyadic intervals in R: 
for each j G Z such that < H^{dil), 'Dj{dVt) is a partition of into pairwise 
disjoint arcs of length ^ 2~\ and V{dQ) — (J^. Vj{jdQ). As in the case of I>(M"), two 
arcs from V^dO) cither are disjoint or one contains the other. The construction of 
V{dVL) easy: take an arc length parameterization 5'^(0,ro) dfl, consider a dyadic 
family of arcs of 5*^(0, ro), and then let V{dil) be the image of the dyadic arcs from 
S\0,ro). 

Sometimes, the arcs from 'D{dfl) will be called dyadic "cubes", because of the 
analogy with T>{W^). 

If Q is a special Lipschitz domain, that is, fl = {{x,y) G C : y > A{x)}, where 
A : R — > R is a Lipschitz function, there exists an analogous family T>{dQ). In this 
case, setting T{x) = {x,A{x)), one can take 'D{dfl) = T(P(R)), for instance. 

If Q is either a Lipschitz or a special Lipschitz domain, to each Q G W(i7) we 
assign a cube (piQ) G V{dQ) such that 4>{Q) H pQ ^ and diam(0((5)) ~ ^{Q)- 
So there exists some big constant M depending on the parameters of the Whitney 
decomposition and on the chord arc constant of dfl such that 

0(g) CMQ, and Qc B(z, Ml{4){Q))) for all z G (t){Q). 

Prom this fact, it easily follows that there exists some constant C2 such that for every 
Q G >V(Q), 

#{P G V{dQ) : P = 0(g)} < C2. 
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2.3. Sobolev spaces. Recall that for an open domain Q C M", 1 < p < oo, and a 
positive integer m, the Sobolev space W"''''^{Q) consists of the functions / G Ljg^{Q) 
such that ^ 

^0<|a|<m ^ 

where is the a-th derivative of /, in the sense of distributions. The homogeneous 
Sobolev seminorm W^'^ is defined by 

i/p 



|a|=m 

For a non integer < a < 1, one sets 

(2.1) D«/w = f/HW^d™M 



Q \X- |/|"+2" 



and then 



\w".pin) = ^Il/Ilip(n) + ll-0"/llLf(n) 
The homogeneous Sobolev seminorm equals 



1/p 



2.4. Besov spaces. In this section we review some basic results concerning Besov 
spaces. We only consider the 1-dimensional case, and pay special attention to the 

homogeneous Besov spaces -Bpp, with < a < 1. 

Consider a radial C°° function : M — )■ R whose Fourier transform rj is supported 
in the annulus A{0, 1/2,3/2), such that setting i]k{x) = f]2-k{x) = 2^r]{2^ x), 

(2.2) ^rffe(0 = l foralUT^O. 

Then, for / G Lj^^iR), 1 < p,q < oo, and a > 0, one defines the seminorm 



P,9 



and the norm 

The homogeneous Besov space B^ ^ = ^^^^(R) consists of the functions such that 
ll/ll^a < oo, while the functions in the Besov space B^^ = Bpq{R) are those such 
that < oo. If one chooses a function different from t] which satisfies the 

same properties as rj above, then one obtains an equivalent seminorm and norm, 
respectively. Let us remark that the seminorm || ■ is a norm if one considers 
functions modulo polynomials. 



p,<i 
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For any function / and any h > 0, denote Ah{f){x) = f{x + h) — f{x). For 
1 < p,q < oo and < a < 1, it turns out that 

assuming / to be compactly supported, say. Otherwise the comparabihty is true 
modulo polynomials, that is, above we should replace ||A/i(/)||q by 



inf . , ||A?,(/ + ^;||g. 

p polynomial 

See [Trl p. 242], for instance. Analogous characterizations hold for Besov spaces 
with regularity a > 1. In this case it is necessary to use differences of higher order. 
Observe that, for p = g and < a < 1, one has 

for / with compact support. These results motivate the definition of the B^^- 
seminorm over a chord arc curve. If F is such a curve and / G L^lH^lT), then one 
defines 



The same definition applies if F is a Lipschitz graph, say. If 7 : 5*^(0, r) — )■ F or 
7 : M — )■ F is a bilipschitz parameterization of F (such as the arc length parameteri- 
zation), clearly we have 

for / compactly supported. 

Concerning the Besov spaces of regularity 1 < a < 2, let us remark that, for 

(2.5) WfWl^ ^\\f'\\%.-u 

where /' is the distributional derivative of /. Further we will use the following 
characterization in terms of the coefficients /3i defined in (II. 8p . due to Dorronsoro 
|Dol Theorems 1 and 2]. For < a < 2 and 1 < p, g < 00, one has: 

Again, this comparability should be understood modulo polynomials, unless / is 
compactly supported, say. In the case p = q, an equivalent statement is the following: 

p \ i/p 



Vg©(IR) 

For other indices a > 2, there are analogous results which involve approximation 
by polynomials of a fixed degree instead of affine functions. Let us remark that the 
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coefficients J) are not introduced in |Do] . and instead a different notation is 
used. 

3. Auxiliary lemmas 

3.1. About Besov spaces. 

Lemma 3.1. Let A : M — t- M 6e a Lipschitz function with ||A'||oo < Cq and T G C its 
graph. Denote by No{x) the unit normal ofT at {x, A{x)) (whose vertical component 
is negative, say), which is defined a.e. Then, 

(3.1) - |A,iVo(x)|, 

with constants depending on cq. Thus, for 1 < p < oo and < a < 1, 

(3.2) ~ WA'Wsc ^ IIA^oIIb. , 

with constants depending on a and p, and also on cq in the second estimate. 
Above, we set 

Aq := Ao 1 + iVo,2 Lb" ' 

where iVo^j, i = 1,2, are the components of Nq. 
For the proof, see |CTj . 



Remark 3.2. As mentioned in Subsection 12. 4[ from the characterization of Besov 
spaces in terms of differences, it turns out that if 7 : M — )■ F is an arc length 
parameterization of the Lipschitz graph F, and N{z) stands for the unit normal at 
z G F (with a suitable orientation), then 



(r)' 

for < a < 1 and 1 < p < 00 such that ap > 1. 

Recall that for a Lipschitz domain Q, whose boundary has an arc length parame- 
terization 7 : 5*^(0, ro) — !■ dQ (with 27rro = Ti^ldQ)), if N{z) stands for the outward 
unit normal at z G dQ, we also have 



In f ll.Sp we defined the coefficients /3i associated to a function /. Now we introduce 
an analogous notion replacing / by a chord arc curve F (which may be the boundary 
of a Lipschitz domain). Given P G 'C(F), we set 

(3.3) p,(r,n^,^J^JJJ^,n^i.). 

where the infimum is taken over all the lines L C C 

Next lemma is a direct consequence of the previous results and the characteriza- 
tion of homogeneous Besov spaces in terms of the /3i's from Dorronsoro. For the 
detailed proof, see |CT] . 



A^o7 
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Lemma 3.3. Let Q be a Lipschitz domain. Suppose that the outward unit normal 
satisfies N G Bp^^dQ), for some l<p<oo,0<a<l. Then, 



1—a p 



Pev{dn) 

with c depending on 'H}{dVL) j R. 

Lemma 3.4. Consider functions M —t- M and let 1 < p < oo and < a < 1. 

We have 



(3-*) \MK. « // 4^'""'- 



Proof. Recall that 

\\cof\\p. ^ !r\^ 

To prove the lemma, we just use that 

A,(<^ = <^(x) A,(/)(x) + fix + h) 

Then, plugging this identity into (13. 4p the lemma follows easily. □ 

Lemma 3.5. Let A : M — i- M 5e a Lipscthitz function supported on an interval I . 
For 1 < p < oo and < a < 1, we have 



with a constant depending on a and p. 
Proof Denote i = We set 
(3.5) 



0<k<l fc""*' JJkM '1"'+' 

For the first integral on the right side we use fact that the integrand vanishes unless 
X G 31 and the Lipschitz condition \A{x + h) — A{x)\ < \\A'\\ooh: 



o<h<e °° Jx&i Jh<e h'^P'^^ 



I oo 



3\\A'\\Li / hP^'^-'^'^-Uh ^ \\A'\\P^F+^-"P. 
lo<h<e 
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Concerning the last integral in fl3.5p . we use again the fact that A is supported 
on / and the estimate \A{x + h) — A{x)\ < ||y4'||oo^: 

\Ai. + h)-Ai.W^^^^ 
h>i h-P+^ 

<\\A'\\p^f( [ [ ^^dhdx+ f I ^^dhdo^ ^WA'W^^^l^^^-'^^. 

□ 



°° I xei J h>e h^P^^ Jx(^i-hJh>e h"^^^ 



3.2. About the Beurling transform of xn- Let ^7 C C be an open set. If Q has 
finite Lebesgue measure, then 

-If 1 

(3.6) Bxn{z)=\im — / -rXn{w) dm{w) . 

Otherwise, B{xq) is a BMO function and, thus, it is defined modulo constants. 
Actually, a possible way to assign a precise value to B{xq){z) is the following: 

(3.7) Bxn{z) = \im—I (- ^-r^ - 7 ^ — —] Xvi{.w) dm{w) , 



where zq is some fixed point, with zq ^ fi, for example. It is easy to check that the 
preceding principal value integral exists for all z G C. 
Moreover the following results hold: 

Lemma 3.6. Let Q G C be an open set. The function B{xn) is analytic in C \ dQ 
and moreover, for every z E C \ dQ, 

2 f 1 

(3.8) dB{xn){z) = - xn{w) dm{w) , 

^ J\z-w\>e [z-wY 

forO<e< dist(z, d^l). 

When Q has infinite measure, saying that B{xq) is analytic in C\dQ means that 
the function defined in (13. 7p is analytic for each choice of zq- Notice that, in any 
case, the derivative dB{xn) is independent of zq. 

Lemma 3.7. Let U G C be a half plane. Then dB{xn) = in C\dll. Equivalently, 
for all z ^ dli and < e < dist(z, dli), we have 

, ^ X3 Xn{w) dm{w) = 0. 

z-w\>e 

For the proofs of the preceding two lemmas, see [CTj . for example. By using very 
similar arguments, for any z G C \ dQ, one gets 

(3.9) d^B{xn){z) = — f ^ xn{w)dm{w), 
for < £ < dist(2;, dVL). The details are left for the reader. 
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Lemma 3.8. Let Q be either a Lipschitz or a special Lipschitz domain. For all 
w E C \ dQ and all e with < £ < dist(w, dVL), we have 



(3.10) dB{xn){w) = f / ^ 



-dz. 

an - z)^ 



Proof. In sense of distributions, we have 

-1 „ / 1 



Suppose that first that Q is bounded. Then we have 

(3.11) p.v. — *xn = V-v.-^*dxn, 

It turns out that, in the sense of distributions, 

dxn = --dz[dn. 



Indeed, given 9? G C, 



ootin>2\ 



{dxn, ^) = - / dipdm = I ipdz, 

^ Jan 



which proves our claim. 
So we deduce that 

i 1 _ 

dB{xn) = — p.v. * dz[dQ, 
2tt z^ 

in the sense of distributions. From the first identity in (I3.10p . it is clear dB{xQ) is 
analytic in C \ dQ. So the identity above holds pointwise in C \ dfl. 

For a special a Lipschitz domain we have to be a little careful, because both p.v. — 

and xn cire distributions with non compact support, and so the identity fl3.1ip is 
not clear. 

Consider the upper half plane 11 = {{x,y) : y > 0}. Since B{xn) is constant in 
C \ R, dB{xu) = in C \ M, and so 

dB{xn) = dB{xn - Xu) = — d (p.v. \ * {xn - Xn)) in C \ M. 

n \ z / 

Now, observe that xn — Xn has compact support, because the Lipschitz function A 

has compact support, and thus 

(p-v- -^*{xn- Xn)) = p.v. ^ * d{xn - Xn)- 
In the sense of distributions, 

dxn = dz[dQ and dxn = dz[dll. 



As a consequence, 

i 1 
— p.v. — 

271^ z 



dBixn -Xn) = — P-v. ^ * idz[n - dz[dU). 
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Therefore, 

dB{xn) = ^ P-v. ^ * {dz[n - dz[dU) in C \ M. 
Taking into account that dz\_dll = dz\_dll and, by Cauchy's formula, 

■ dz = for all w G C \ M, 



an 



[w — z) 



we deduce that 



dB{xn){w) = ^! , ^ ., dz forallweC\(MU9fi). 

Since dB{xn) is analytic in C \ dQ, the identity above holds for all w E C \ dQ. □ 

The following result is a straightforward consequence of the preceding lemma. 

Lemma 3.9. Let Q = {{x,y) E C : y = A{x)} be a special Lipschitz domain (with 
A Lipschitz and compactly supported) . Then we have 

1 f A'(x) 
dB{xQ){w) = - - — dx, for all w ^ dfl. 

TT {x + lA{x) -Wy 



Proof. By Cauchy's formula, it follows that 

1 



an (^^ - 



dz = 0. 



From this fact and the preceding lemma, we infer that 

(3.12) dB{xn){w) = ^[ ^ (d^-dz). 

Jon [z - wy 

The boundary dQ can be parameterized by {x + iA{x) : x E M}. Then we have 
dz = {1 + iA'{x)) dx and thus dz — dz = —2iA'{x) dx. Plugging this identity into 
fl3.12p . one concludes the lemma. □ 

Lemma 3.10. Let Q G C be either a Lipschitz or a special Lipschitz domain. Then, 
for all z eQ with Q G >V(0), Then, 

(3.13) \dBxniz)\< E ' 



£(R) diam(fi)^ 



and 

(3.14) \O^BM^)\< E tf-dJiSF- 

Proof. The estimate f l3.13p has been proved in |CT] (see equation (5.2) there). The 
proof of the inequality fl3.14p is very similar. For completeness, we sketch the 
arguments. We may assume that /3i(c40(Q)) < with Eq > small enough, 
for some fixed absolute constant C4 > 10, say. Indeed, from (13.91) it turns out 
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that \d'^Bxn{z)\ < c/i{Qf, by choosing e = i{Q) there, and so ( ISlij) holds if 
/3i(c4(/)(Q)) > with some constant depending on Eq. 

So suppose that (3i{c4(f){Q)) < eq, with very small. In this case, Lq is very close 
to dfl near (f){Q), and then one infers that dist{z, Lq) ^ i{Q)- Denote by Uq the 
half plane whose boundary is Lq and contains z. Take < e < dist{z,dQ). Since 
(^Xb{o,£)0 * Xuq vanishes on IIq 3 z (because d'^Bxn{z) = 0), we have 



Qtt 

< T^*XnAnQ{z). 



For each n > 0, let i?„ be a ball centered at w' G (piQ) with 

diam(5„) = 2"diam(0(g)) ^ 2"i{Q), 

and set also B_i = 0. For some Uq such that diam(r2) f» diam(5„g), similarly to 
[UT] . we have 



|-M * XfiAngl^;) = 2^ j-ji * XBnn{ciAnQ)[z) + j-n * XB-^n{nAnQ)[z) 

n=0 ' ' ' ' 



n=0 



By Lemma 4.3 from [CTj . we have 

m(5„ n (^^AHq)) < c /3i(P)diam(i?)^ 

P€V{dn):(f>{Q)cPCR 

where R G 1^(9^2) is some cube containing (f){Q) such that i{R) ~ diam(i?„). Then 
we obtain 

(3.15) ^,^„,„^U)<c E ^ E ft™^+dW 

R-D(f>(Q) (P{Q)CPCR 

= c ^i(^) Yl JTm^ + diam(fi)2 

PD0(Q) i?3P 



£(P)2 diam((])2^ 



which proves fl3.14p . □ 
Since Bxn is analytic in Q, it is clear that 

l|5XorvKi..(n) ^ / \dBxn\'dm. 
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On the other hand, for < a < 1, we set llvt^ c«,p(q) = \\D°^Bxq\\lp(q.)^ with D"f 

defined in fl2.ip . The following lemma relates D'^Bxo. to dBxn, and it will play a 
key role for the proof of Theorems 11.11 and II .31 in the case < a < 1. 

Lemma 3.11. Let < a < 1 and 1 < p < oo be such that ap > 1. For < 6 < 1, 
if fl is either a Lipschitz domain or a special Lipschitz domain, we have 
(3.16) 

where the constant c depends on p and a. 

Notice that the integral on the right side is multiplied by by while v n . ^.w^ 

Bp^p (do,) 

by ^2p-ap^ Tj^g fact that for < 1 we have ^^p-^p < qp-^p will be important for 
the proof of Theorems 11.11 and 11.31 

Proof. For x E Q E W(f2), we have 
(3.17) 

Jn |a;-y|2+2° J\y-x\<em \x - y\^+^'^ 

Let / be analytic in fi, such as Bxn- For x E Q E W(f2) and y E Q such that 

\x-y\<9i{Q), 

we have 

\f{y) - fix) - f{x){y -x)\<l sup \ f"{w)\ \x - y\'. 

Thus, 

(3.18) 2|/(y) - /(x)p > \f\x){y - x)p - sup \f"{w)\^ \x - y\\ 

Plugging this estimate into ( 13.17P yields 

D'-fixyy [ ^^-^\f'{x)\'dm{y) 
J\y-x\<ee(Q) F ~ y\ 

- [ \x-y\'-"' sup \nw)\'dm{y) 



y-x\<ei{Q) 



Therefore, since i{Q) ~ dist(x, (9fi), 

WDVWl^in)^^'""'' j \f'{x)\Pdist{x,dQY-''Pdm{x) 

_c^2p-ap J2 £(g)2+2p-"P sup !/"(«;) 1^ 
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Hence, to prove fl3.16p it is enough to show that, for / = Bxn, 



(3.19) S:= Yl W-^'^-^^sup |/»r<„.,„ 

Now, from Lemma [3.101 it turns out that for all w G 3Q, with Q G yV{Q) 



i(R)^ diam(r])2' 
Then we infer the term S in f l3.19p satisfies 



diam(fi)"P' 



Qew{n) ^R€V{dn):B.D(i}{Q) 

The last term on the right side is bounded by diam(n)^~"''. For the first one we use 
Cauchy-Schwarz, and then we get 

R€V(dn):RRD<t>{Q) ^ ' ^ ^ReV(dn):RD<t>(Q) ^ ' ^ ^ReV(dn):RD<t>{Q) ^ ' 

^ ^ _P,{RY 1 

flGl'(af^):/?D(/i(Q) 

Thus, 



^ £(i?)2P-V2£(0(g))l/2- 

R&V{dn):RD(P{Q) ^ ' \^\^n 



Qe>V(n) ^ ReV{dQ):RD(l>{Q) ^ ' ^ 



V 



= E wM^m E mQ)?'-'*''-"- 

Notice that 

Qe>V(n):0(Q)cP Qe©(af7):QcP 

because 3/2 + 2p — ap > 1. Hence, 
Therefore, 



E (f(§P7;)'^(^) + ''-»(")=-°'-iiA'ii;.,. 



/''(an)' 
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by Lemma [3 -Sj as wished. 

The arguments for special Lipschitz domains are analogous, and even easier. 
Roughly speaking, the only difference is that the terms above which involve diam(fi) 
do not appear. □ 

4. The main lemma and the proof of Theorem 11.31 

The main result of this section is the following. 

Lemma 4.1 (Main Lemma). Let Q G C be a special 5-Lipschitz domain. Let 
1 < p < oo and < a; < 1 be such that ap > 1. If 6 is small enough, then 



(4.1) / \dBxn{z)\''dist{z,dQr-''Pdm{z)> 



Before worrying about the proof of the preceding result we show that this yields 
Theorem 11.31 as an easy consequence. 

Proof of Theorem 11.31 In the case a = 1, it is clear that 

\dBxn{z)\^dist{z,dnY-'^^dm{z) ^ WEx^W^^.^^^y 

and thus the theorem is a straightforward consequence of fl4.ll) . For < a < 1, we 
need to use Lemma 13.111 too. Indeed, if 9 is chosen small enough, from the Main 
Lemma, we will have 



apil 1\[\\P 



QP-ap f \dBxniz)\P distiz, dny-^P dm{z) > 2036^" 
Jn 

where C3 is the constant appearing in (13.161) . Then Lemma 13.111 tells us that 
(4.2) ||i?(Xf.)r^.„(^) > 0^--^l^ \dBxn{z)\^d\st{z,dny'-Pdm{z). 

Together with the Main Lemma again this implies that 



□ 



Notice also that from the Main Lemma, the inequality (14. 2p . and the fact that 
proved in [CTj . we deduce the following. 

Corollary 4.2. Let Q G C be a special 5-Lipschitz domain. Let 1 < p < 00 and 

< a < 1 be such that ap> 1. If 6 is small enough, then 



|5(Xn)r^.„(^)^ / \dBxniz)fdistiz,dnr-'^^dmiz)^\\N\\l 



a-l/p , 
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The remaining of this section is devoted to the proof of the Main Lemma. First 
some remarks abut notation and terminology: recall that in Subsection 12.21 to each 
square Q e W{VL) we assigned a cube G V{dVL) with diameter and distance to 
Q both comparable to ^{Q). In the case of special Lipschitz domains the following 
precise definition of 0(Q) is very convenient. Given a square Q = (a, b] x (c, d] G 
W(n), we consider the arc 

(/,(g) = {{x,A{x)) : a<x<b}. 

In particular, notice that (p{Q) G V{dfl). Observe also that i{Q) = 'H}{(t){Q)) and 
that 

dist(Q,(/)(Q)) ^£(Q). 

We denote 

mQ)) ■■=m- 

Moreover, given a > 1 and P G of the form 

P = {ix,A{x)) : a; G /}, 
for some interval J C M, we let aP be the following arc from dQ: 

P = {{x,A{x)) : X G al}. 

Lemma 4.3. Let Q be as in Theore'm \1.3[ Consider a square Q G yV{Q) and denote 
by Lq a line that minimizes Pi{(f){Q)). Let y = QqIx) the affine map defining Lq. 
Then, for any w G we have 



Im (dBxniw) - - / , ^."^'^""l dx\ <c5 



i(P) 



Proof. Let w,Q,LQ,gQ be as in the statement above. By the preceding lemma, 
^'•'^ -If ..^f dx) 

. i / „„ (--i^ - , ^ J ^'(.) 

IT Jf, \{x + iA{x)-wy [x + I gQ[x) - wy J 
Denoting w = a + ib, we have 
(4.4) 

Im 



{x + iA{x) — wy {x + i gQ{x) — wy ^ 
-2{x - a) ' ^^"^ - ^ ^'^^"^ 



((x - ay + {A{x) - by) {{x - ay + (^q(x) - byy 
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We write the expression on the right inside the big parentheses as follows: 
[A{x)-b)-[gQ{x)-b) 
{{x-aY + {A{x)-hYf 



{{x - a)2 + {A{x) - byy {{x - ay + (gqix) - 6)2)' 
=: Ti + T2. 
The first term equals 

(4.5) = /(^\7^^^^^ 

\x + iA{x) — w 

Concerning T2, we have 

1 1 



4 



((x - a)2 + {A{x) - by) {{x - ay + (^q(x) - by) 

_ [2{x - ay + {gQjx) - by + {A{x) - by] [{gQjx) - by - (Ajx) - by] 

{{x - ay + {A{x) - by)' {{x - ay + {gQ{x) - by)' 
_ [2{x - ay + {gQjx) - by + (Ajx) - by] [gQjx) + Ajx) - 2b] [gQjx) - Ajx)] 
{{x - ay + {A{x) - by)' {{x - ay + (^q(x) - 6)2)^ 

Notice now that 

(x - af + (ggix) - by ^ {x - ay + {A{x) - bf . 

This follows easily from the fact that A is a Lipschitz graph with small slope and 
so we can assume that the slope of gq is small and bounded independently of Q. 
Then, from the last calculation, we obtain 

\A{x)-gQ{x)\ \A{x)-gQ{x)\ 



iTol < 



((x - a)2 + {A{x) - by)' \x + iA{x) - wf 



From (14. 3p . (14.41) . (14. 5p . the last estimate, and the fact that ||A'||oo < we deduce 

that 

(4.6) 



< 



|x-a||A(x)-,Q(x)||^,^^^l^^ 



\x + iA{x) — w\ 
<6 I ^i^^^^^MLrfx. 



lra[dBxn{w)- / J^-^J^^^^, dx 



\x + iA{x) — 

Now we wish to estimate the last integral in (14. 6p . To this end, we set 
(4 7) f \Mx)-9q{x)\ . ^ V /" dist(x,LQ) 

^ ■ ^ J^\x + zA{x) -w\^ ~ ^ J\.-a\<2Hm m{Q)y • 
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Consider R G V^dVi) such that R D <f){Q)- Let be a hne that minimizes Pi{R). 
Then, as shown in |CT] . 

distniLQ n B{a,5e{R)), LRr]B{a,5£{R))) < c /3i{P)i{R), 

PeV{dn):QcPcR 

where dist/f stands for the HausdorfF distance. As a consequence, for x G 3R, 
dist(x, Lq) = dist(x, Lq n B{a, U{R))) < dist(x, Lr) + ^ /3i(P) 

P&V{dQ.):QGP'ZR 

Plugging this estimate into fl4.7l) . we get 

- 9q{x)\ , , f dist(x,LQ) 



■dx< V / ^^^H^,^QJ ^ 



< 



j2 I distjx, Lr) ^ ^ ^ l3i{P) 

RD<j){Q) 4 

^ ^ ^i(P)^ >^ /3i(P) 

^ ^ £(P) ~ ^ £(P) ■ 
R(^v{dny. Pev{dn): ^ ' Pev{dn): ^ ' 

RD<t>(Q) <t>(Q)cPcR P:i<t>(Q) 
Together with (14. 6p . this proves the lemma. □ 

Lemma 4.4. Let fl be as in Theorem \L3\ and gq as in Lemma We have 

V 

iigy-'^p dm{w) 



< 



Proof. From Lemma 14.31 we infer that 



PiP 



E 



3Q 



1 r A'(x) 



Im dBxn{w) - - / - — — dx 

Tc J^{x + igQ{x) -wy 



p 



p 



By Cauchy-Schwartz we have 



E '4^4 E ^][ E 



PeD(af7):PD(/>(Q) 
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p—ap ^ 



-mm 



3/2+p— ap 



E E 

?GW(n) P£V{dn): ■^V-' ^ 



p&v(dn) 



HQKP 



Notice that 

Q&w{ny.<t>{Q)cP Qevidny.QGP 
and so, the left side of (14 .Sp is bounded above by 



3/2+p-ap 



3/2+p— ap 



C 



E 



£[p)ap-2- 



Observe now that the last sum can be written as 



2-^ £(^P)ap-2 



P£V{dn) 



E 

p&v{dn) 



\£{Py-J 



By [Pol Theorems 1 and 2], this is comparable to H^H^- i+^-i/p 
we are done. 



^f,c~i/p, and so 
□ 



As a corollary of the preceding lemma, using the finite overlapping of the squares 
{3Q}Qew(Q), we deduce that 

(4.9) 

\dBxniw)\Pdistiw,dnY-''Pdm{w)> ^ f \lm{dBxn)fi{Qy""''dm{i 

Qe>V(n) "^^'3 

A'{x) 



Qew{n) 



[x + igQ{x) -w) 



c 



V / Im (dBxniw) - [ 
A'ix) 



a E 



dx e{QY^''P dm{w] 

A'{x) 
{x + igQ{x) - wY 



dx 



3Q 



[x + iggix) -wy 



£{Qy~''Pdm{w)-c6P 



B, 



l + a-l/p • 



We will prove below that 



E 

>GW(n) 



3Q 



Im 



A'(x) 



,x + igQ{x) - w) 



dx 
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Together with fl4.9p . this will yield the Main Lemma [4. ![ by taking 6 small enough. 
For a given w = a + bi E Q and Q G W{Q) with 3Q 3 w, we have 

-2{x - a){gQ{x) - b) 



X + iQoix) - w) 



{(x - ar + (ggix) - by) 



2 • 



(4.10) Im 
Now we denote 

sq{w) = b-gQ{a). 
Observe that sq{w) ~ dist{w, Lq) ^ dist{w,dQ). Now, for some number 
(x) = 6q{x - a) + gQ{a) = 6q{x - a) + b - Sq{w). 



Writing 6 instead of 6q and s instead of sq{w) to simplify notation, the expression 
in fl4.10l) equals 

^^^^^ 2(x — a)(s — 6'(x — a)) 2 s{x — a) — 9{x — a)^ 



{{X - ay + {e{x -a)- syf (1 + O^y [{x-a- + (^) Y 

Notice that, with the change of variables y = x ~ a, t = s / {1 + 9"^) , the denominator 
in the last fraction can be written as [{y — Oty + , while the numerator equals 

{l + 6^)ty-dy^ = {t- dH){y -6t)^d[e-{y -dtf] . 
So the last fraction on the right side of (14. lip equals 



(4.12) 



(t-9H)iy-9t) t^-(y-ety 



[^y-ety + t^Y [(y-9ty + t^] 



2 • 



From ( HAOj) . flCT]) . and (I4A2|) . using that \9\ < 
that 9 depends on Q 3 w, but not on x, we obtain 



Im 



A'{x) 



(x + igqix) - wy 



dx 



> 



1+92 



X — a 



3 < (5 ^ 1 and recalling 

es 

1+6(2 



) 



, 2i 2 



A'{x) dx 



[(--"-■5^)+ (its.)] 

--: Ii{w, Q) - c6 hiw, Q). 



c6 



A'{x) dx 



Therefore, 
(4.13) 

E 



3Q 



Im 



A'(x) 



{x + igQ{x) - wy 



dx 



i{Qy-"Pdm{w) 



hiw,QyiiQy-''Pdmiw)-cSP J2 I l2iw,Qyi{Qy-"Pdmiw). 
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Lemma 4.5. Under the assumptions and notation above, 



where 



- 1 

+ 1)3 



and iptix) — t ^ip{t ^x). Moreover, 
(4.14) 



1 + a-l/p ■ 



Proof. Fix a square Q e W(0), and set Q — (01,02] x (61,62]- Recall that, for 
w = a + ib G 3Q, 



h{w,Q) 



I 



1+^2 



(x a ^^g2 ) 



2i 2 



[(--«-T&r+(w)i 



where s = sq{w) = b — gQ{a), and ^ = is the slope of the affine line defined by 
gg, which approximates dfl npi{3Q). For t > 0, consider the kernel 



tx 



[X2 + t^Y 



Observe that 



We have 



r ra2+C{Q) pt2- 

/ h{w,Qydm{w)= / / 

J3Q Jai-eiQ) Jti-e{Q) 



*A'{x 



1 + ^2 



dt dx. 



Observe now that, assuming 5 small enough, for each x G Pi(3(5) we have 



/ K^^J^(x + -^) dt = 



t2+i{Q) 



ti-e(Q) 

t2 + ^iiQ) 



> 



rt2+ 

Ju-h 



K^^*A'[x + j^) 

Kt-Aia.^ *A[x+ ^) 



dt 



dt. 
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Also, it follows easily that 



ai-^(Q) Jti-\ll(Q) 



Kt-Aiai) *A'ix + 



Os 



1 + ^2 



P 



dt dx 



ra2 rt2+\f\Q) 
> I / \Kt-A{ai)* A' {x)\'' dtdx 



0.2 r^2 



> 



ra.2 pt2 

/ / \Kt-A(x)* A' {x)\^ dtdx. 



As a consequence, 
(4.15) 

J2 I h{w,Qri{Qy-''^dm{w)> J2 [[ \Kt-Ai.)*A'{x)fe~''^dtdx 

\Kt_Aix)*A' {x)\''tP-"Pdtdx 

oo 

\Kt*A' 

Notice now that Kt* A' = {Kt)' * A. It is easy to check that {Kt)' = —t^"^ ipt, and 
then the first inequality claimed in the lemma follows just writing 

\Kt * A' {x)]"" fP-^'P = \t'p-^-''iJt*A{x)\''j. 

To prove fl4.14p . first we calculate the Fourier transform of ipf Notice that Kt = 
c {PtY, where Pt is the Poisson kernel and c is some absolute constant. So, 

(4.16) V^,(e) = ct2e'e-2"*l«l. 

Consider a radial C°° function rj whose Fourier transform is supported in the 
annulus A(0, 1/2, 3/2), and setting rjf^k^^x) = ri2-k{x) = 2^ 7^(2'^ x), 

(4.17) ^^(e) = l foralU^O. 

fcez 

Then we have 



Notice now that there exists some Schwartz function r such that r] = 'iJj*t. Indeed, 
we only have to take 

m = ^^^^ 

so that r G C^. Similarly, for any s G [1,2], we take some Schwartz function 
such that 
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Then, for every G Z and every s G [1, 2], we have 

r](^k) * A = %l)s2-k * T^-k * A, 
where T^-k{x) = 2^t''{2^x). Thus, 

\\ll{k) * A\\p < \\T^-k 111 ||^s2-'= * ^llp < C 11^52-'= * ^llp, 

where we took into account that ||r2_fc ||i = ||t*||i < c for some constant independent 
of s. Then we deduce 

ll^r.i..-!/. < E l|2'^'^""'V.2- * ^11^ for all s G [1, 2]. 
As a consequence, by Fubini and a change of variables, 

=E r""ii2'=^^^"-'v**Aii^T- rp^-^-"^**^ii^7 

fcgZ-^2-'= t Jo t 

This proves the lemma. □ 
Lemma 4.6. Under the assumptions and notation above, 



E / h{w,Q)n{Qr-''^dm{w)< \\ti 



l-a I A up dt 



where ipt is as in Lemma \4.5[ 



— — .„ ^ ^ 1^ " r 

Proof. The arguments are quite similar to the ones for Lemma 14. 5[ Consider 
W{fl), and set Q = (oi, 02] x (61, 62]- Recall that, for w = a + i6 G 3Q, 

iife^) - - O'- ill?) 



Q G 



hiw,Q) = 



[{ 



X — a — 



es ^2 



A'{x) dx 



where s = sq{w) = b — gQ{a), and 6 = 6q is the slope of the affine line defined 
gQ. For t > 0, consider the kernel 

Jt{x) = 



by 



Now we have 
and so 



QY dm{w 



x2+t2]2- 



lai-iiQ) Jti-eiQ) 



*A' [X . ^„ 



(it dx. 
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Then, assuming 5 small enough, for each a; G pi (3Q) we have 



rt2+t{Q) , 



9s 



+ 6^ 



dt 



t2+i{Q) 



ti-e(Q) 

3 
2 



< 



t2 + |W) 



ti-f£(Q) 



Jt-A(aj) * A' (x + 



9s 
+ 

Os 



dt 



1 + ^2 



Also, it follows easily that 



Jt-A{ai) *A'ix + 



Os 



1 + ^2 



dt dx 



< 



< 



a2+2e{Q) rt2 + U{Q) 



\Jt-A{ai) * A' {x)\''dtdx 



ai-2£(Q) Jti-f£(Q) 
a2+2i{Q) ft2+2£{Q) 



ai-2e{Q) Jti-2e{Q) 



I Jt-A(x) * A' (x) 1^ dt dx. 



As a consequence, 
(4.18) 

J2 I l2{w,Qri{Qy-"Pdm{w) < J2 II \Jt-Ai.)*A'{x)\''tP-''Pdtdx 



Jt-A(x)*A' {x)Y'tP-'^Pdtdx 



{x,t)en 

oo 



x€R Jo 



\Jt*A' (x)\^tP-''Pdtdx. 



We denote (pt = t^{Jt)' , so that Jt* A' = (Jt)' *A = t '^(ft*A. Moreover, it turns 
out that (pt{x) = t^^(p{t^^x), where ip = ipi. Then we have 



(4.19) 



p poo poo J J. 

/ / \Jt*A'{x)\''tP-''Pdtdx= / \\tv-^-''ipt*A\\l-. 
JxeR Jo Jo ^ 



To calculate the Fourier transform of ip, notice that Jt{x) = c{Qt)\x), where Qt 
is the conjugated Poisson kernel and c is some absolute constant. So, 



J,{i)=cisgn{i)e'^-'\^\ = c\i\e 



'2-Kt\i\ 



and 



m) = ct'me-'-'\^\. 

So, recalling (14.161) . it turns out that (pt{i) = c sgn(^) ■^i(^). That is, pt is the 
Hilbert transform of ipt, modulo a constant factor. Thus, denoting by H the Hilbert 
transform, 

\\pt*A\\p = c\\H{i)t*A)\\p <c\\i)t*A\\p, 
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and so, by Kl9\i . 



Jt*A'{x)\''tP-''Pdtdx<c I \\tt-'-'^tPt*A\\l 



and the lemma follows. 



dt 



□ 



Proof of the Main Lemma 14.11 By fl4.13p and Lemmas 14.51 and I4.6[ assuming 6 
small enough, we get 



E 

Qew{n) 



3Q 



A'(x) 



■ dx 



i{QY-"Pdm{w) 



{x + igQ{x) - 

poo Jj. 

Together with (14. 9p . this implies that 

/ \dBxn{zWdist{z,dnr--^dm{z) > /.-cFpf > WAf 

JQ ^P,P ^P,P ^P,P 

for 6 small enough again. 



/p' 
□ 



5. The proof of Theorem 11.11 
Let Q G C he a bounded domain which is [6, i?)-Lipschitz. We have to show that 

To this end we will prove: 

Lemma 5.1. Let Q G C be a {6, R)-Lipschitz domain. Let 1 < p < oo and < a < 1 
he such that ap> 1. If 5 is small enough, then 

(5.2) llivf.^,/,^^^ < / \dBxn{z)ydist{z,dny-''^dm{z) + n\dnf-"^. 

Let us show first that this result yields Theorem 11.11 as an easy consequence. 

Proof of Theorem II. IL In the case a = 1, it is clear that (15. ip follows from (15.20 . 
So assume that < a < 1. In this case, if 6 is chosen small enough, from Lemma 
15.11 we have 

QP-^pfn^dnf-'^P+f \dBxn{z)\^ dist{z,dny-"Pdm{z)] > 2c3 ^^P^^^HA^f , 
\ Jn J ^P'P ^^^^ 

where C3 appears in (I3.16p . Then, by Lemma [3.111 
(5.3) 

OP-^p-H^dnf-^P + \\B{xn)\\%^,,^^^ > e^^^pf \dBxn{zWdist{z,dnY--Pdm{z). 
Together with Lemma 15.11 again this gives (15. ip . □ 
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Suppose that Q is simply connected. Consider and arc length parameterization of 
dfl given by 7 : 5*^(0, tq) — )■ dQ, where 27rro = l-L^{dQ). Recall that, for a function 
/ : 5*^(0, To) -)■ M and < a < 1 and 1 < p < 00, 

\fis)-f{t)\' 



p 



ds dt. 



Then, taking into account that 11 A^o^ll Ra~i/p,„i, ~ 11 A^ll o«-l/p^Qo^^ (Ell) is equiv- 
alent to 

(5.4) // |iV(7M)-iV(7W)r,^,, 



(s,t)eSi(0,ro)x5i(0,ro) 



\s - t\°'P 



< [ \dBxn{z)\'' dist{z, dny-'^P dmiz) +n\dnY~'''f. 
Jn 



We will use the following notation: given a > 1 and a small arc I C S^{0,ro), 
we denote by al the arc of S'^(0,ro) with the same mid point as / and length 
i{al) = ai{I). 

The main step for the proof of Lemma 15.11 consists of next lemma. 

Lemma 5.2. Suppose that Q is simply connected. Under the assumptions and no- 
tation above, consider an arc I C 5*^(0, r^) with £(/) < i?/4 and denote by Si, S2 the 
end points of 21. Let a = Then, for < 5 <^ 1 small enough we have 

(5.5) 

\N{^{s)) - N{^{tW 

'nnB{zi,Ae{i)) 



sel \s-t\°'P 

tel.i/ 



dsdt< [ \dBxn{z)\Pdist{z,dnY~''Pdm{z) 
JnnBizrAid)) 



+ E / / |iV(7(3))-iV(7(t))P,,,^^^(,),(,^._.._ 



J\s-Si\<7a JteS^{0,ro) \s — t\°'P 

Proof. Denote by s/ the mid point of I and set zj = 7(s/). Let A : R — R be the 
Lipschitz function whose graph F coincides with dQ on B{zi, R), so that Qr\B{zj, R) 
lies above F, after a suitable rotation. Notice that 7(6/) C B{zj,R), since = 
'H}{'^{I)) < R/^. Let J C M be the interval such that {{x,A{x)) : x e J} = -fll), 
so that {{x,A{x)) : x G 5 J} C 7(6/) C B{zi,R). Observe that 

7(L1/) C {ix,A{x)) : X G I.IJ}. 

It also immediate to check that £{I) ~ ^(</)- Moreover, translating F slightly if 
necessary, we may assume that one of the endpoints of 7(1) lies on the horizontal 
coordinate axis. Notice that then, since ||v4'||oo < S, by the mean value theorem, it 
turns out that 

(5.6) \A{x)\<6i{J) foralla;G5J. 

Moreover, we will assume that A is defined in the whole of M and that || A||oo ^ Si{J) 
and IIA'lloo 5, S. 
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Denote Zi = 7(sj), for i = 1,2 (recall that Si, S2 are the end points of 21). Also, 
let Xi be such that Zi = {xi, A{xi)). Assume that Xi < X2- Let : M — )■ M be a 
C°° function which equals 1 on [xi,a;2] and vanishes on M \ [a^i — a, X2 + a], with 
ll<y^'l|oo < 1/a (recall that a = 6'^^^i{I) ^ 5^/^£(J)). Observe that, since we are 
assuming 6 to be very small, 

[xi — a,X2 + a] C 3 J 
We consider the auxiliary Lipschitz function A = (f A and its graph F. Let 

h = {{x,y)eC: y>Aix)}, 

and denote by N{x) the outward unit normal at {x,A{x)) G F. By Corollary 14. 2^ 
we have 

II^IU«-i/P~ [ \dBxoizWdist(z,dny-''Pdm(z). 

Indeed, using fl5.6p . 

P'lU < P'lU + ll^'lloo ||x3j^||oc < S + -6iiJ) < 6 + 6'/^ ^ 6'/^ 

a 

and thus the assumption on the small slope of the Lipschitz function in Theorem 
11.31 holds for 6 small enough. 

On the other hand, since N coincides with on 7(1.1/), 

Therefore, to prove the lemma it is enough to show that |9i?XQpdist(-, dfiy~°'^dm 
is bounded above by the right side of (15. 5p . 
Consider the rectangle 

V = [xi — 2a, X2 + 2a] x [—a, a]. 
To estimate \\dB{xQ)\f^p^^y we write 
(5.7) 

\dBxn\''dist{-,dhY-'^Pdm< I 1 95x^2 T dist(-, 9^)^""^ rfm 

Jn\v 



+ / |a5(Xf^)rdist(-,a(])^'-°^'dm 

' nr\V\{B(xi ,4a)UB(x2 ,4a)) 



+ / |95(Xf^)rdist(-,9fi)P-"Prfm. 

inn(B(a;i,4a)UB(x2,4a)) 

Let us deal with the first integral on the right side. To this end, consider the upper 
half plane FI = {(x, y) G C : y > 0}. Recall that dBxii{,z) = for 2; G FI. Therefore, 
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for z E Q\V cH, using the first identity in fl3.10p . 

\aB{x-„m = \aB(x-„)(z)-aB(xnKz)\ 



W |2 - dist(z, nAfi)3 ~ dist(z, nAfi)3 

It is easy to check that if z ^ V, then dist(2;, ^A^7) > a. Using also the fact that 
dist(z, nAfi) ^ \z — zi\ for \z — zi\ > 4£(J), we obtain 

(5.8) 

/ \dB{x^)\Pdist{;dQr-^Pdm< [ ^IMI li^jy-P dm{z) 

Jn\v J B(ziM{J)) 

Let us turn our attention to the second integral on the right side of (I5.7P now. In 
this case, using that 

nnV\ 4a) U 5(x2, 4a)) = VLnV\ 4a) U fi(x2, 4a)), 

we write 

\dB{x^)\Pdisi{-,dnY-'^'' dm 

r2ny\(S(xi ,4a)UB{a;2 ,4a)) 



< 



|a5(xn)rdist(-,a(^)™dm 

f7nB(z/,4^(/)) 



+ / \dB{xn) - 95(Xf^)|Pdist(-,9r])P-"Prfm. 

MVB{X2 ,4a)) 

We estimate the last integral arguing as above. Observe that for z G V\{B{xi,Aa) U 
i^(a;2,4a)), we have dist(z, f2Af2) > a. Then we have 

\dB{xn){z) - dB{x^){z)\ < [ _^^dmH 



\z — w\ 



^ / - — :n^dm{w) < - 



'\z-w\>c-'^a \^ 

As a consequence, since dist(2;, dQ) < a for 2; G 
f \dB ixn) - OB {x^)\P disti-^dny-'^P dm 

iv\(B(a;i,4a)UB(x2,4a)) 



ap 
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and thus, taking into account also that dist{z,dQ) = dist{z,dQ) in the domain of 
integration, 



(5.9) [ \dB{xnWdist{-,dnY-'^Pdm 

Jv\{B{xi ,Aa)'JB{x2 ,4a)) 

< [ \dB{xn)\^dist{-,dnY-'^P dm + 6^^-"^^/^ iilf-^P 

Jv\{B{xi M)^B{X2 ,4a)) 

< / \dB{xnWdist{-,dnY-''Pdm + S^^-''P^/^i{lf-''P. 
JnnB{zi,Ai{i)) 

It remains to estimate the last integral in fl5.7l) . First we deal with the integral 
on B{xi,4a). Let t/^ : R — t- R be a C°° function such that < ip < 1 which equals 1 
in [xi — 5a,xi + 5a] and vanishes in M\ [xi —6a,xi + 6a], with HV^'Hoo < c/a. Denote 
Ao = iljA = iljipA and set 

fio = {ix,y) eC: y> Ao{x)}. 

Then we have 
(5.10) 

/ \dB{xnWdist{-,dnY-''Pdm< I \dB{x^,)\^(^ist{-,d^Y"''' dm 

JcinB(xi,4:a) JnnB{xiM) 

+ i \dB{xn,) - 9i?(xf^)rdist(-,9fi)^-°^rfm. 

Jnr]B{xxAa) 

Since Aq coincides with A in [a;i — 5a,a;i + 5a], it turns out that, for z G -B(xi,4a), 
dist(z, fio^f^) ^ ct) and thus 

\dB{xn,^{z)-dB{x^){z)\< [ ^^^dmiw)< [ ^^^dmiw)<-. 

Therefore, using that dist(-,9f2) < a on _B(xi,4a), 
(5.11) 

/ \dB{xn,) - 9i?(Xf^)rdist(-,9fi)^-"Prfm < — ^ ^(/)2-«p. 

J B{xxM) 

For the first integral on the right side of fl5.10p we use the fact that Qr\B{xi,Aa) = 
Qq n i?(xi, 4a), and moreover that dist(-, dfl) = dist(-, dQo) in Qn i?(xi, 4a). Then, 
by Corollary 14.21 applied to Qq, we get 

(5.12) 

/ \dB{xno)fdist{;dnY~''''dm< [ \dB {xno)\''dist{; dnoY"'"" dm 

< II A \\P 

~ II ^0 II jSl + a-l/p • 
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We have 

(5.13) ||^oIIri+--i/p ~ PoIIr"-i/p < IIv^^^'IIr— 1/p + Wivi^YMn'^-^/p- 



From Lemma 13.41 we deduce that 

\A'\\L. 



It is easy to check that ||</2'?/)|r ^ Indeed, this a straightforward con- 

sequence of Lemma 13. 5t since (pip is supported on an interval with length < a and 

||(^^)'||oo<l/a, 

and so our last claim holds. Then we obtain 

(5.14) ^11 |X[..-6a,x.+6a] A,A'(x)|P^dx + 5^a2~"P. 

We split the integral on the right side above as follows: 

/ \A,A'{x)\^^dx+ [ I \A,A'{x)\^^dx = h+h. 

x~xi\<ea J\h\<e{I)/2 J\x-xi\<6a J\h\>e{I)/2 

For I2 we use the rough estimate |A/i74'(x)| < 26, and then, using that ap > 1, we 
get 

J\x-xi\<6a J\h\>e(I)/2 "-"^ 

For /i, recall that \A'{x) - A'{y)\ ^ \N{x,A{x)) - N{y,A{y))\ for x,y e 5 J, by 
(13.11) . Thus we get 

J\x-xi\<6a J\x-y\<£{I)/2 \^ ~ Vl ^ 

i|s-si|<7a itGSi(0,n)) \s — t\°'P 

Therefore, from (15.141) we derive 
(5.15) 



^P'P J\s-si\<7aJteS^{0,rQ) \S — l\ 



To estimate || (y?-?/')'^!! r^-Vp we use that {ipipyA is a Lipschitz function supported 
on [xi — 6a, Xi + 6a] satisfying 

|IM'A]1loo < ||(^^)"A|U+ ||(^^)'A'IL. <^-M^i< ^ 



I 00 



a2 a ~ £(/)■ 
Then Lemma 13.51 tells us that 

(5.16) ||(v.V^)'A|U.-v. < a'-^^^'^ \\m)'A]'\U < c{5)i{I)-'^^'/^. 
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From dEIOD, (jEIID, dSH, dEH, dEIS]), and (^M>. we get 
(5.17) 

|aS(x^)|^dist(■,9^i) dm 



nnB{xi,4:a) 



|s-si|<7a Jte5i(0,ro) 

An analogous inequality holds the integral over B {x2 , 4a) . 

Plugging the estimates obtained in ( 15. Sp . ( 15. 9p and ( 15.17^ into (15. 7p . we get 

||a5(x^)dist(-,afi)i-"r < / \dB{xn)\'dist{;dQr--^dm 

^ ' JnnB(z,Ae(i)) 



^ J|s-Si|<7a Jtg5l{0,ro) 



\2—ap 



which proves the lemma. □ 



Proof of Lemma 15. IL Suppose first that Q is simply connected, and let 7 : 5^(0, tq) — )■ 
dfl be an arc length parameterization of dfl. We will prove (15. 4p . 
Let I C 5^(0, ro) be an arc £(/) < R/i. We set 



teSi(o,ro) ' ' tel. 17 ' ' 

+ // |A-(7W)-iV(7W)l',^,, 

"'iGSHo.nOVi.i/ ' ' 

To estimate the last integral we use the fact that |s — t| > in the domain of 
integration. Indeed, for s G Ij we have 



'i6S>(0,r.)\i,i; Is-tl"" "7ies.(o,,„)\i.u I''-*!"" ~ ((!)'"-' 

From the last estimate and Lemma 15.21 we obtain 
(5.18) 

\jm^)yzJ^M^ ds dt < [ \dB{xn)\'disti.,dnY-'^^dm 
" " " \N{l{s))-N{^{tW 



^ J\s-Si\<7a Jt&S^{0,ro) 



2—ap 



where si, S2 are the end points of 21 and a = 5^/^ •^(-^)- 
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Given u e 5*^(0, tq), we denote by the arc of 5*^(0, tq) with length R/i whose 
mid point is u. Now we average the inequahty flS.lSp over all the intervals lu, 
u G 5*^(0, To). By Fubini, we have 

4 JJsesHo,ro) \s-t\'^P 4" "'b^,//'' 

teS\0,ro) 

Now we turn to the right side of flS.lSp . Concerning the first integral, we have 

\dB{xn) Tdist ( ■ , d^f-'^Pdm du 



n \Ju:\'y{u)-w\<Ae{I) J 

Taking into account that f2 is a Lipschitz domain, it follows that, for each w G C, 

n^{u : \-f{u)-w\ <R}< cR. 

Thus, 



\dB{xn) rdist(-, dny-"P dm du 
ues^{o,ro) JnnB{zi^ ,R) 



< 



R / \dB{xnWdist{-,dnY-'^P dm. 



Now we consider the second term on the right side of fl5.18l) . for i = I, say: 

|iV(7(.))-iV(7(t))|P 



MGSi(0,ro) J\s-s^\<7a JteS'^{0,ro) 



\s - 



dt ds du 



= 14„/ / MlMWM,,,, 

^S^/^R\\No^\\P.^ ^ 

Clearly, the integral of the last term of flS.lSp over S'^(0,ro) equals c((5)i?^~"^ro. 
Then finally we deduce that 

+ ^"'iJ||A'o7r,..v,„,„„„+c(i)J?-"%. 
Thus, if 6 is taken small enough, then 
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and thus the theorem follows (in the case where fl is simply connected). 

If Q is not simply connected, then dQ has a finite number of components (because 
it is a Lipschitz domain). Arguing as above, one can show that (15. 4 p holds for the 
arc length parameterization 7 of each component, and then we are done. □ 

6. The Beurling transform in Bpp{n) 

Recall that for a Lipschitz or special Lipschitz domain and / G Ll^^{Q), one sets 

\fix)-fiy)\P 



p 



■ dx dy. 



'B^jn) J J |a;_^|Qp+i 

In [CTj it was shown that, for < a < 1, the estimate (II. ip is also valid with 
\\BiXn)\\B^jn) replacing ||5(xn)||^y«,p(j^). That is, 

(6-1) ll^(Xn)bj,,^(f,)<c||iV||^._v.(,^). 

One can also check that Theorems 11.11 and 11.31 also hold with ||_B(xf7) 
instead of ||-B(xQ)||^a,p(Q). So we have: 

Theorem 6.1. Let < a < 1 and 1 < p < 00 such that ap > 1. Let Q G C be 
either a {6, R) -Lipschitz domain or a 6 -Lipschitz domain, and assume that 6 is small 
enough. If Q is a Lipschitz domain, then 

and if it is a special Lipschitz domain. 

Observe that from ( 16. ip . Theorem 16.11 and the analogous results involving W"'^{Q) 
one deduces that, under the assumptions of Theorem 16.11 

B{xn) e B^,,{n) ^ B{xn) e W^'^{n). 
Moreover, if is a special Lipschitz domain, 

\\Bixn)\\B^jn) ~ \\B{xn)\\w^.P{n)- 

The proof of Theorem 16.11 follows by arguments very similar to the ones for The- 
orems 11.11 and 11.31 One can check that the key Lemma 13.111 also holds replacing 

\\Bixn)\\w-'^p{n) by ll^(Xn)||B^^(n). Indeed, one writes 

where Qx is the square from that contains x. Then, one uses the estimate 

(I3.18P and then argues as in the proof of the lemma for the 14^°'^ (f2) norm. Applying 
this new version of Lemma [3. 1 II together with the Main Lemma im and Lemma ISTTl 
Theorem 16.11 follows. 
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